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Abstract.
We show how Conformal Gravity (CG) has to satisfy a fine-tuning condition to describe
the rotation curves of disk galaxies without the aid of dark matter. Interpreting CG as a
gauge natural theory yields conservation laws and their associated superpotentials without
ambiguities. We consider the light deflection of a point-like lens and impose that the two
Schwarzschild-like metrics with and without the lens are identical at infinite distances from
the lens. The energy conservation law implies that the parameter γ in the linear term of
the metric has to vanish, otherwise the two metrics are physically inaccessible from each
other. This linear term is responsible to mimic the role of dark matter in disk galaxies and
gravitational lensing systems. Our analysis shows that removing the need of dark matter
with CG thus relies on a fine-tuning condition on γ. We also illustrate why the results of
previous investigations of gravitational lensing in CG largely disagree. These discrepancies
derive from the erroneous use of the deflection angle definition adopted in General Relativity,
where the vacuum solution is asymptotically flat, unlike CG. In addition, the lens mass is
identified with various combinations of the metric parameters. However, these identifications
are arbitrary, because the mass is not a conformally invariant quantity, unlike the conserved
charge associated to the energy conservation law. Based on this conservation law and by
removing the fine-tuning condition on γ, i.e. by setting γ = 0, the energy difference between
the metric with the point-like lens and the metric without it defines a conformally invariant
quantity that can in principle be used for (1) a proper derivation of light deflection in CG,
and (2) the identification of the lens mass with a function of the parameters β and k of the
Schwarzschild-like metric.
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1 Introduction
The last two decades have supplied cosmology with a great amount of observational data and
consequently a phenomenological understanding of our Universe [1]. However, our theoretical
comprehension lacks a complete knowledge that simultaneously accounts for dark matter,
dark energy and inflation, and that naturally fits into a quantum field theory, as particle
physics does. Nonetheless, the framework within which these data are usually interpreted
is the assumption of the validity of general relativity (GR) which implies, as a consequence,
the Λ-Cold Dark Matter (ΛCDM) model as the currently standard cosmological model. GR
is known as the most accredited and elegant theory of the gravitational force. It has been
tested at the Solar system scale [2, 3] and recently the first detections of gravitational waves
by binary systems were a further brilliant confirmation of a revolutionary prediction of GR
[4–9]. Still, GR describes the dynamics of cosmic structures and the expansion history of
the Universe only if we suppose the existence of dark matter and dark energy. However, the
dark matter particles remain unidentified and the nature of dark energy is still unknown. In
addition, the ΛCDM model, with its six parameters, is not a definitive model: it presents a
number of problems on very non-linear scales [10]. An alternative approach is to describe the
phenomenology of cosmic structure without dark components by focusing on the left hand
side of Einstein equations and modifying the gravity theory.
Conformal gravity (CG) has been proposed as an alternative theory of gravity where an
additional invariance principle is imposed [11]. The additional symmetry is a local conformal
invariance that requires the action to remain invariant under any and all local conformal
transformations of the metric
gµν(x) 7→ Φ(x)gµν(x) , (1.1)
where Φ(x) is an arbitrary regular and positive function of the spacetime coordinates x. We
emphasize that here these conformal transformations act on the metric field, leaving the po-
sition x on spacetime unaffected. The conformal invariance provides a traceless stress-energy
tensor and a vanishing Noether current associated to it, showing that conformal transforma-
tions are pure gauge and thus non-dynamical [12–14].
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The most general exact static and spherically symmetric vacuum solution of the field
equations of CG has been derived in [11, 15]:
ds2 = Φ(r)
[
−A(r)dt2 + 1
A(r)
dr2 + r2(dθ2 + sin2 θdφ2)
]
, (1.2)
A(r) = 1− β(2− 3βγ)
r
− 3βγ + γr − kr2 . (1.3)
The metric exhibits two new extra terms, parametrized by γ and k, in addition to the constant
−3βγ and the standard Schwarzschild term, parametrized by β(2 − 3βγ). Galactic and
cosmological observations were used to constrain these parameters [11, 16–18].
We remark that in [19] (see eq. (202) there) a different expression is found for the solution.
However, that solution is determined by solving a linear combination of field equations, which
is not equivalent to the original field equations, there denoted by Wµν = 0. If one further
imposes field equations, one eventually finds eq. (1.3), thus demonstrating that eq. (1.3) is
the most general static and spherically symmetric vacuum solution of CG.
The constant contribution 1 − 3βγ needs to be in that form. A solution of the field
equations with any modification of it, e.g. 1+w−3βγ, with w an additional constant, requires
the condition w = 0 (or w = −2 + 6βγ, which, however, is excluded by considerations about
the signature). That form of the constant contribution will be essential for us below.
In [20, 21] and references therein, the authors show that, by setting Φ(r) = 1, CG is able
to reproduce the galactic rotation curves of a sample of 111 disk galaxies without adding any
dark matter component. Their analysis finds that, by associating β to the galactic baryonic
mass, γ and k are universal constants. Therefore, departures of galactic rotation curves from
the Newtonian expectation based on the distribution of the luminous matter alone can be
entirely of cosmological origin, encoded in the values of the parameters γ ∼ 3.06×10−30cm−1
and k ∼ 9.54 × 10−54cm−2 [21]. En passing, we remind that Horne [22] has recently shown
that this interpretation might however be too simplistic when a conformally coupled Higgs
field on CG is taken into account.
In CG, both the cosmological constant problem and the flatness problem are naturally
solved [23]: CG indeed satisfactorily describes the observed Hubble diagram of supernovae
and gamma-ray bursts, similarly to ΛCDM, but without requiring the existence of dark energy
[18]. Moreover, in [24], Mannheim claims that the quadratic term kr2 may be associated to
a de Sitter background geometry. In fact, the de Sitter metric is a vacuum solution of CG,
even if CG does not contain any ad hoc cosmological term in the action. The drawback of
this feature, however, is the fact that CG is unable to reproduce the observed abundance of
deuterium [25]: the Universe expansion is always accelerating and the expansion during the
phase of the cosmological nucleosynthesis is thus slower in CG than in the standard model,
implying a longer phase of deuterium burning.
Despite this drawback, CG has additional attractive features, like its renormalizability
[26] and the unnecessity of an initial Big Bang singularity. In fact, conformal invariance has
been proven to be crucial to removing all kinds of spacetime singularities [27, 28]. Moreover,
in CG, when a matter action is taken into account, we can derive a conformal cosmology in
which gravity is globally repulsive rather than attractive [29].
An additional important topic is the investigation of the formation of the large-scale
cosmic structure from small initial density perturbations; unfortunately, the work on this
topic in the literature [30] is still too limited to enable the drawing of definitive conclusions.
These studies would in principle be relevant to explore the possible alleviation of the serious
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discrepancy between the observed thermal properties of X-ray clusters and the CG expecta-
tions [31, 32]. For the sake of completeness, we finally mention that solutions corresponding
to gravitational waves have also been investigated in [33, 34].
In this work, we focus on the study of the pointlike source solution (1.3) of CG and its
phenomenological consequences on gravitational lensing and the dynamics of disk galaxies.
We argue that conservation laws imply that the solution (1.3) reduces to a Schwarzschild-de
Sitter-like metric with γ = 0.
To be more precise, in view of conservation laws, we claim that, although metrics with
γ 6= 0 can certainly be solutions of the CG field equations, they are not physically accessible
from each other, unless we are not interested in defining physical quantities such as the energy.
In fact, we show below that if one tries to define the energy by the most general and liberal
framework available, the metric (1.3) is isolated in the space of solutions, i.e. one cannot
define the conserved quantities of it relative to any other solution. This claim relies on the
identification of the conserved quantity with the physical energy, so extra care is in order.
This result obviously would frustrate the attempts suggested in the literature to describe
both the observed gravitational lensing phenomena and the velocity rotation curves of disk
galaxies with a correction term depending on γ 6= 0.
In Section 2, we review how CG can be described in the framework of gauge natural
theories. In Section 3, we derive the relative energy conservation law. In Section 4, we discuss
how this conservation law implies γ = 0, and in Section 5 we point out various inconsistencies
on light deflection in CG which are present in the literature and discuss how our result clarifies
them.
2 Conformal Gravity as a Natural and a Gauge Natural Theory
The action of CG is given by
SW =− κ
∫
d4x (−g)1/2CλµνκCλµνκ =
=− κ
∫
d4x (−g)1/2
(
R2 − 6RµνRµν + 3RλµνκRλµνκ
) (2.1)
where Cλµνκ is the Weyl tensor, g is the determinant of the metric and κ is a coupling
constant [11]. The action (2.1) is the unique combination of four-dimensional diffeomorphism
invariants [12] which is also invariant under the local conformal transformations (1.1). It is
the gauge transformation that leaves the theory invariant. Under the gauge transformation
(1.1), the Weyl tensor transforms as
Cλµνκ 7→ Φ(x)Cλµνκ , (2.2)
while the Ricci and Riemann tensors, that are covariant under any change of spacetime coor-
dinates, transform with a combination of derivatives of Φ(x). Consequently, the Lagrangian
density in a four-dimensional spacetime is conformally invariant.
In the literature, one can find a different action for CG, obtained by adding a Gauss-
Bonnet term 3G, where
G = κ
∫
d4x (−g)1/2
(
R2 − 4RµνRµν +RλµνκRλµνκ
)
. (2.3)
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In four dimensions, this term is a local divergence and it does not affect the field equations,
although it is not conformally invariant and thus spoils the conformal invariance. Moreover,
adding a divergence to the action functional does affect the conservation laws, potentially
introducing divergences, as we shall argue below. For these reasons, we do not add the
Gauss-Bonnet term.
In a recent work, Campigotto and Fatibene presented CG both as a gauge natural theory
[12] and a natural theory [35, 36]. We refer to [37–39] for the general notation and framework.
We review the basic framework of their analysis in Appendix A.
By fitting CG into the framework of gauge natural theories (see also [12–14]), we auto-
matically get a canonical treatment of conservation laws and in particular a theorem ensuring
that all Noether currents are always exact forms. In addition, we have full control of the
global properties of the fields and their observability. This framework has proven to be suit-
able to discuss gauge theories in their generally relativistic formulations, as well as couplings
between spinor fields and gravity (see [40]). Thus CG comes with a structure to compute
conserved quantities. We illustrate this point in the section below.
3 Symmetries, Superpotential, and Conserved Quantities
In gravitational theories, conserved quantities are hardly ever obtained by simply integrating
Noether currents over a spatial volume. It is very common that such integrals diverge or give
incorrect results (see [41]). If one has pointlike sources, Noether currents diverge, as they
diverges if one considers unbound regions. Both these issues are present in the case of CG
and they lead to improper integrals over a non-compact region, which are not a priori finite.
For avoiding infinities, one first shows that Noether currents are exact forms, then uses
Stokes theorem to reduce conserved quantities to closed surfaces which can easily avoid point-
like sources and their infinities. However, sooner or later one should also send this surface to
infinity (e.g., by taking the limit of the radius of a spherical surface to infinity) and there,
generically, infinities reappear, unless one requires asymptotically flat fields or introduces
counterterms in the action.
Since the solutions (1.3) are not asymptotic flat, one needs countertems as a more
general recipe. In [42], the authors introduced a framework for conserved quantities where
one can compute the conserved quantity relative to a reference configuration, without relying
on asymptotic flatness; this approach solves anomalous factors in many standard cases (see
[43–47]), maintains general covariance, and is independent of addition of divergences to the
action.
The framework essentially selects a counterterm so that the conserved quantity corre-
sponds to a deformation of the solution to a chosen reference configuration. The selected
boundary term compensates in case one adds a divergence to the Lagrangian, so that the
conserved quantity turns out to be unaffected. The paid price is that the solution and the
reference configuration have to agree on the boundary.
This approach, to the best of our knowledge, is the most general and liberal framework
for conserved quantities, which in fact reproduces ADM [48], boundary terms, pseudo-tensors
in the situations where these apply (see [49–51]).
By stating that two solutions are physically accessible from each other, we intend that
the two solutions induce the same metric at infinity; it follows that conserved quantities can
be defined, they are guaranteed to be finite, and they are independent of the divergences
that may be added to the action. As we shall show in the next Section, the validity of this
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argument will imply that either γ = 0 or the solution γ 6= 0 is not physically accessible from
any other solution.
Let us consider the action functional S = αSW +λG, including for the sake of discussion
a Gauss-Bonnet term which does not affect the field equations, and the infinitesimal transfor-
mation, ξ = ξ∂ (which defines global transformations on fields only in view of the discussion
about gauge natural structures in Appendix A); the corresponding Noether current is the
3-form E ,
E =
(
T λξ
 + T λµ∇µξ + T λµν∇µνξ
)
dσλ, (3.1)
where dσλ =
√
gλµ1µ2µ3dxµ1 ∧ dxµ2 ∧ dxµ3 is the local base of the 3-forms, and
T λ =3(λ+ α)RR
λ
 + 4(3α+ 2λ)R
µνRλµν − 2(3α+ 2λ)RλνRν − Lδλ (3.2)
T λα =− 4(λ+ α)∇(αRλ) − 2(λ+ α)∇Rgαλ + 2λ∇λRδα − 12α∇λRα + (3.3)
+ 4λ∇Rλα + 4λ∇αRλ (3.4)
T λµν =2(λ+ α)Rg
µνδλ − 2(λ+ α)Rgλ(µδν) − 4(3α+ 2λ)Rµνδλ + (3.5)
+ 4(3α+ 2λ)Rλ(µδν) − 4(λ+ 3α)R(µν)λ. (3.6)
Equations above are standardly obtained by a wisely chosen sequence of covariant inte-
gration by parts. Some details can be found in [37].
The Noether current E can be recast as E = E˜ + divU . We can see that E , and thus
the superpotential U , only depends on the spacetime transformations, i.e. the infinitesimal
generator of diffeomorphisms, and does not depend on conformal transformations, i.e. the
gauge transformations of the metric.
The superpotential is the 2-form
U = 1
2
{(
T [λµ] − 2
3
∇νT [λµ]ν
)
ξ +
4
3
T [λµ]ν∇νξ
}
dσλµ . (3.7)
As required by augmented variational principles (AVP) [42], we fix a reference metric g¯
Ag¯(r) = 1− β¯(2− 3β¯γ¯)
r
− 3β¯γ¯ + γ¯r − k¯r2 , (3.8)
and the energy relative to the original metric g is Q =
∫
S(U − U¯ − iξ∆), where the integral
is computed on the sphere S at infinity, U¯ denotes the superpotential evaluated along the
reference metric g¯, and ∆ is the 3-form, acting as a counterterm, defined as
∆ =
(
2(α+ λ)Rgµνwλµν − 4(3α+ 2λ)Rµνwλµν − 4(3α+ λ)Rαβνλqαβν
)
dσλ . (3.9)
Here, we set wλµν = uλµν − u¯λµν , uλµν = Γλµν − δλ(µΓαν)α, u¯λµν is the corresponding quantity
computed along the reference metric g¯, qλµν = Γλµν − Γ¯λµν , Γ and Γ¯ are the Christoffell symbols
of g and g¯, respectively.
Let us first consider α = 1, λ = 0 (i.e. no Gauss-Bonnet correction) and impose g = g¯
when r → +∞, that implies k = k¯ and γ = γ¯ = 0, if β 6= β¯. The energy Q turns out to be
Q = −24(β − β¯)k. (3.10)
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On the other hand, if we simply consider the integral of the superpotential for the
solution, for the general action functional S = αSW + λG one has
Qˆ =− 2λ[2k2r2 − 3γkr + γ(γ + 6kβ)]r+
+2β{3γ[βk(λ+ 6α)− γ(α− λ)]− 12kα− 2kλ}+ 18β
2γ2α
r
+O(r−2).
(3.11)
This Qˆ diverges for r → +∞, unless one sets λ = 0 (which corresponds to no Gauss-
Bonnet term, which is the prescription in [42]) or γ = 0 and k = 0. Let us stress that
λ = −3α is quite an usual choice in the current literature. Thus, when it makes sense, the
simple integral of the superpotential specialises to the AVP prescription.
Therefore, in analogy with standard GR, where the same conserved quantity associated
to ξ = ∂t is known to provide a definition of the mass source, our equation (3.10) suggests
that there might be a link between the mass of the source of the gravitational field in CG,
which is not a conformal invariant quantity, and the conformal invariant charge Q.
In GR, the absence of the source yields the Minkowski metric as the background metric.
Unfortunately the background metric is unknown in CG, because of the ambiguity of the
identification of the metric parameters with the source physical mass. This crucial point has
never been properly addressed in the literature as we do here, and it is the origin of most
of the discrepancies among the investigations on the gravitational lensing phenomenology in
CG.
In the following section, we illustrate how looking for a zero point of the superpotential
is a possible approach for a proper, formal definition of a background metric. However, this
argument leads to derive that we must necessarily have γ = 0.
4 Why γ = 0?
In order to highlight the differences among CG solutions, we can discuss the situation of a
monopole metric in GR (see [52]), defined by
A(r) = 1− 8piGη2 − 2MG
r
(4.1)
that, for any constant non-zero η, is not asymptotic to a flat metric. For this reason, it is
not accessible from the Minkowski metric. If one looks for accessible metrics which define the
same metric at infinity, one can consider A(r) = 1− 8piGη¯2− 2M¯Gr , which is accessible if and
only if η = η¯. We have no condition on M , meaning that the metric for (M,η) is accessible
from (M¯, η), and, in particular, from (M¯ = 0, η).
It follows that the monopole metric cannot be produced in a classical regime; however,
if a monopole is already present, it can capture mass to produce a monopole black hole as in
(4.1).
This claim agrees and proves the interpretation of the monopole solution presented
in [52]. However, it is not what happens in CG, where we have three terms threatening
accessibility, namely the constant 3βγ, and the two terms proportional to r and r2 with
constants γ and k. To make two metrics of the form (1.3) and (3.8) accessible from each
other, we can either (1) fix all the three parameters k, β, and γ, or (2) fix k and γ = γ¯ = 0,
and leave β unconstrained.
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In the former case, all parameters are frozen and the solution with γ 6= 0 is not classically
accessible from any other solution; if the mass source is already present, it can neither be re-
moved nor changed by capturing mass around. This case appears therefore very inconvenient,
because it requires fine-tunedly values of the parameters to reproduce real physical systems.
In the latter case, when one sets γ = γ¯ = 0, the solution is accessible from analogous metrics
with different values of β and the relative energy (with respect to β¯ = 0) can be computed in
the AVP framework to be Q = −24βk.
In this case, we have
Ag(r) = 1− 2β
r
− kr2, Ag¯(r) = 1− 2β¯
r
− kr2. (4.2)
and the corresponding relative energy is
Q = −24k(β − β¯) . (4.3)
We can see that the energy required to move from the vacuum configuration to the configu-
ration of the field source does only depend on β and k.
We conclude that the various identifications of the mass term in the metric solution
proposed in the literature (e.g., Mannheim and Kazanas [11]) is not supported by our rigorous
approach within the framework of gauge natural theories. Equation (4.3) suggests that a
quantity proportional to the product kβ is a more appropriate identification of the source
mass.
In [20, 21], the γ term is essential to the good fitting of the rotational curves of several
disk galaxies. Unfortunately, our constraint γ = 0 poses serious challenges to CG, because,
once the metric (1.3) reduces to a Schwarzschild-de Sitter spacetime, it is unable, exactly like
GR, to reproduce the galactic phenomenology without the aid of a dark matter component.
5 Consequences on Light Deflection in CG
We provide here a brief review of the investigations of light deflection in CG presented in
the literature and the consequences of our results on this topic. The most relevant issue
of previous work is the severe disagreement between different studies. The disagreement
concerns (1) the sign of γ [16, 53]; (2) the association of the mass of the lens to different
combinations of the parameters in the metric (1.3)[54, 55]; (3) the choice of the geometric
definition of the deflection angle [56].
Firstly, Edery and Paranjape [53] derived the total deflection angle for a point-like lens
with the standard formula for the asymptotically flat metric solution given by Weinberg
[57]. They recover that, in order to obtain a stronger deflection than the GR prediction, thus
avoiding the requirement of dark matter, the sign of γ has to be negative, in contrast with the
positive value found by fitting galactic rotation curves [20, 21]. Moreover, in this treatment,
the deflection angle increases linearly with the impact parameter. At odds with their results,
Pireaux [16, 17] found that the sign of γ depends on the nature of the particles considered:
γ < 0 for photons or relativistic particles, while γ > 0 for massive or non relativistic particles.
Both approaches [16, 53] identify the mass of the lens with the parameter β. These apparently
inconsistent results clearly derive from the incorrect assumptions of a Minkowski metric at
large distances from the lens and by the unjustified identification of the lens mass with β.
As illustrated in the previous section, the vacuum solution proposed by Mannheim and
Kazanas [11] is not asymptotically flat; therefore, the standard total deflection angle formula,
used by [53] and [16] is inappropriate for CG and should be replaced by a more general recipe.
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Rindler and Ishak [56] proposed an alternative definition of the total deflection angle
that can be applied to geometries that are not necessarily flat at large distances from the lens.
They resort to the invariant formula for the cosine of the angle ψ between two coordinate
directions, di and δi
cosψ =
gijd
iδi
(gijdidj)
1/2 (gijδiδj)
1/2
, (5.1)
where gij is the 2-metric in the spatial equatorial coordinate plane, where the longitudinal
angle θ = pi/2. For the first time, they show, in the GR framework, that in a Schwarzschild-de
Sitter spacetime, where the cosmological constant Λ is not null, there is a contribution of Λ to
the deflection angle. In previous work, this contribution is neglected, because Λ drops out of
the differential equation for a light path and the Schwarzschild metric is used in place of the
correct Schwarzschild-de Sitter metric. In GR, the contribution of Λ to the bending of light is
of the order of ΛR3c2/GM , whereM is the lens mass and R is linked to the distance of closest
approach of light; it is thus relatively smaller than the leading term 2GM/c2R. Neglecting
the contribution of Λ might be harmless in practical measurements, but, in principle, it is
rigorously incorrect.
Sultana and Kazanas [55, 58] and Cattani et al. [54] adopt the Rindler-Ishak approach to
estimate the deflection angle in CG with the Schwarzschild-like metric (1.3). However, they
arbitrarily associate the lens mass to two different combinations of the metric paramaters:
Sultana and Kazanas [55, 58] adopt M = β, whereas Cattani et al. [54] adopt M = β(2 −
3βγ)/2. Thanks to their definition for the lens mass, Cattani et al. find that a positive γ, as
required by the rotational curves of disk galaxies [20, 21], increases the deflection angle. On
the contrary, Sultana and Kazanas find that a positive γ decreases the deflection angle. At the
same time, however, Sultana and Kazanas [55, 58] find that the contribution to the deflection
angle of the cosmological term proportional to the parameter k of the Schwarzschild-like
metric (1.3) dominates over the term proportional to γ; therefore, they conclude that the fact
that this latter term decreases the deflection angle appears to be irrelevant in the CG lensing
phenomenology. However, our result illustrated in the previous section indicates that this
conclusion turns out to be irrelevant, because it is based on the assumption M = β which
lacks any physical foundation. Similarly, the attempt of Lin and Wang [59] of ascribing the
inconsistent results of [55, 58] and [54] to the order of the approximation in M and γ of
the deflection angle expression is not supported by any physical argument. Our statement
is confirmed by the exact analytical solution to the null geodesic in the Schwarzschild-like
metric (1.3) with M = β [60]. This solution, involving the p-Weierstrass elliptic function,
is fully consistent with the approximate solution of [58] and [55] and demonstrates that the
problem is not in the order of the approximation.
In conclusion, the description of the phenomenology of light deflection in CG currently
present in the literature is still inconclusive. The correct description requires the use of
the appropriate behaviour of the metric at large distances from the lens, as adopted in the
approach of Rindler and Ishak [56], and the identification of the lens mass with the appropriate
combination of the parameters in the Schwarzschild-like metric (1.3). Our description of CG
as a gauge natural theory implies that, if we want to avoid a fine-tuning problem, γ = 0, and
that the lens mass should be associated to some function of the product of the parameters
β and k (see equation (4.3)). It remains to be seen whether this analysis is worth to pursue
further, because, being γ = 0, CG looses most, if not all, of its astrophysical appeal.
As a final note, we mention that the physical mass of the source is defined through the
Newtonian limit of the gravitational theory, essentially using Kepler third law, which is defi-
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nitely not conformally invariant. On the other hand the conserved quantity Q is conformally
invariant so the relation between the two quantities needs to be further clarified.
6 Conclusions
We show that the γ parameter in the metric solution of CG proposed by Mannheim and
Kazanas [11] is fixed to zero by conservation laws, if we want to avoid a fine-tuning problem.
Our result is a consequence of our demonstration that CG is a gauge natural theory and we
can thus apply a standard treatment of the conserved quantities associated to the symmetries
of the theory.
CG has two global symmetries: the conformal symmetry and the diffeomorphism sym-
metry. The conserved charge corresponding to the conformal symmetry is zero; in other
words, this symmetry has no dynamical role. For the identification of the conserved charge
associated to the diffeomorphism symmetry, we study the asymptotic behaviour of two met-
ric solutions corresponding to the background vacuum and to a single massive source of the
gravitational field. We identify the conserved charge with the energy required to move from
one solution to the other; we derive this energy as the difference of the conserved charges
associated to the time component of diffeomorphisms. We find that the conserved charge is
proportional to the product of the parameters β and k, and we obtain the necessary condition
γ = 0.
The solutions with γ 6= 0 are formally possible, but (1) they are not physically accessible
from any other solution and (2) they are obtained by a fine-tuning on the initial conditions;
in addition, dynamics is unable to justify any specific value chosen for γ.
Our result implies that the parameters of the Mannheim and Kazanas metric solution are
not trivially related to the physical quantities, like the lens mass, involved in the gravitational
lensing effect. We show how those identifications of various combinations of the parameters
with the lens mass suggested in the literature are not supported by any physical argument
and they thus lead to inconsistent results.
The γ parameter is responsible for reproducing the galactic rotation curves in CG with-
out the aid of a dark matter component: this ability is one of the main reasons why CG
gained appeal. The constraint we derive proves that CG can unfortunately describe the phe-
nomenology of neither galactic rotation curves nor gravitational lensing, unless a fine-tuning
condition is adopted on the value of γ. When γ = 0, the metric solution reduces to the
same geometry of a Schwarzschild-de Sitter spacetime in GR; therefore, in the gravitational
lensing phenomenology, the contribution of β and k to the deflection angle is analogue to the
contribution of the usual mass term M and the cosmological constant Λ. In GR, the latter
contributes with the term ΛR3c2/GM , which is suppressed compared to the leading term
GM/c2R.
In conclusion, our analysis poses a serious challenge to CG as a viable alternative theory
of gravity capable of removing the requirement of dark matter to describe the phenomenology
of cosmic structures.
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Appendix A: Gauge natural formalism reviewed
CG is considered as a field theory where fields are sections of the configuration bundle C with
coordinates (xµ(x), gµν(x)), where the dynamics is covariant with respect to gauge transfor-
mations defined as automorphisms of P. P = (P,M, p,G) is a principal bundle, where M is
the manifold with coordinates xµ(x), G = (R,+) is the Lie group of the set of real numbers
with addition, P is the set of all coordinates (xµ, l), with l the Lie group parameter, and p is
the map projecting the space P ×M into M , i.e. p : P ×M →M : (l, x)→ x (Figure 1).
Since P is principal, its transition functions x′µ(x) and ω(x) are in the form{
x′µ = x′µ(x)
l′ = ω(x) + l .
(6.1)
Since these transformations also are affine, the bundle P is, at the same time, principal
and affine. As an affine bundle, it allows global sections. Based on our choice (P,M, p,R),
P = M × R is principal and affine, hence trivial.
In addition, we can define the frame bundle L(M) = (LM,M, pi,GL(m)) for any man-
ifold M , where LM is the set of all pairs (x, ea) with ea any basis of the tangent space to
M at the point x ∈ M ; GL(m), namely the general linear group of degree m, is the set of
invertible matrices m × m, with m the dimension of the manifold M ; pi is the projection
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pi : LM → M : (x, ea) → x. In other words, L(M) is the principal bundle of bases of tan-
gent vectors to M in any point. The frame bundle L(M) is a GL(m)-principal bundle. An
automorphism on L(M) is given by 
x′µ = x′µ(x)
l′ = ω(x) + l
e′µa = Jµν (x) eνa
(6.2)
where eµa is any basis of the tangent space and Jµν (x) = ∂x′µ/∂xν is the Jacobian. We can
paste these two principal bundles P and L(M) together to define the structure bundle LM×P
with the Lie group GL(m)× R.
The configuration bundle C is associated to the structure bundle LM × P by means of
the action of the group GL(m)× R on B(η)
λ : GL(m)× R×B(η)→ B(η) (6.3)
where B(η) denotes the set of all symmetric, non-degenerate, bilinear forms of Lorentzian
signature η = (3, 1); the set B(η) is an open set in the vector space of symmetric tensors of
rank two S2(Rm) ' R
m(m+1)
2 , parametrized by coordinates gab. In terms of coordinates in
each space, equation (6.3) above reads
λ : (Jca, ω, g) 7→ g′ab = eωJ¯cagcdJ¯db . (6.4)
The configuration bundle is then defined as C = (L(M)×P)×λB(η), where ×λ indicates that
the product of the spaces is obtained through the action λ. Points in C are orbits [ea, x, l, gab]λ,
namely the equivalence class of points related through the action λ. We can always choose
the representative orbit (I, xµ, 0, gµν) in order to reduce ourselves to the coordinates (xµ, gµν).
Local coordinates on C are (xµ, gµν) and they transform as{
x′µ = x′µ(x)
g′µν = eω(x)J
ρ
µgρσJ¯
σ
ν .
(6.5)
In this way, any automorphism on P induces an automorphism on C. Hence the config-
uration bundle C comes with a selected subgroup of transformations Aut(P) ⊂ Aut(C) which
preserves the dynamics of the theory. Such transformations are called generalized gauge trans-
formations. The group of vertical automorphisms on P, i.e. (xµ, l) → (xµ, l′), which leaves
the coordinates xµ unaffected (see Figure 1), is denoted by AutV (P) ⊂ Aut(P). It also in-
duces automorphisms on the configuration bundle, because AutV (P) ⊂ Aut(P) ⊂ Aut(C).
These transformations of fields are called pure gauge transformations.
In gauge natural theories, spacetime diffeomorphisms and gauge transformations are
completely unrelated. P contains extra information that is not contained in the spacetime
manifold M and can be measured by any observer. Gauge transformations canonically act
on the associated configuration bundle C. Moreover, all sections of C, namely all fields, are
required to be dynamical.
In natural theories, however, the entire information of the symmetries of the theory
is encoded in the diffeomorphisms of the spacetime. There is no gauge symmetry. The
structure bundle is then a natural bundle and thus all diffeomorphisms can be canonically
lifted to Aut(C) [35]. Campigotto and Fatibene [35] showed that CG can also be described in
the framework of natural theories with a specific choice of diffeomorphisms, ω = ln J .
– 11 –
Let us define the associated bundle Pˆ = LM × R which, by construction, has fibered
coordinates (xµ, l) which transform as{
x′µ = x′µ(x)
l′ = lnJ + l .
(6.6)
We can see that the element ln J of group (R,+) acts by (left) translations onto l so that
the bundle Pˆ is by construction principal with the group (R,+). In this second case, unlike
equation (6.1) for the gauge natural description, the spacetime diffeomorphisms and the gauge
transformations are not unrelated. The consequences of these two different approaches in CG
are illustrated in [35].
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